We demonstrate the emergence of a time crystal of atoms in a high-finesse optical cavity driven by a phasemodulated transverse pump field, resulting in a shaken lattice. This shaken system exhibits macroscopic oscillations in the number of cavity photons and order parameters at noninteger multiples of the driving period, which signals the appearance of an incommensurate time crystal. The subharmonic oscillatory motion corresponds to dynamical switching between symmetry-broken states, which are nonequilibrium bond ordered density wave states. Employing a semiclassical phase-space representation for the driven-dissipative quantum dynamics, we confirm the rigidity and persistence of the time crystalline phase. We identify experimentally relevant parameter regimes for which the time crystal phase is long-lived, and map out the dynamical phase diagram. We compare and contrast the incommensurate time crystal with the commensurate Dicke time crystal in the amplitude-modulated case.
I. INTRODUCTION
Time crystals are non-equilibrium ordered states that spontaneously breaks time translation symmetry [1] [2] [3] [4] . While ground state realizations of this order have been pointed out to be infeasible [5] [6] [7] , a natural environment for time crystallization are out-of-equilibrium scenarios found in periodically driven systems or time-translation invariant systems with dissipation [40] [41] [42] [43] . Spontaneous breaking of time translation symmetry is displayed in an observableÔ evolving at a temporal symmetry breaking period T B , i.e., Ô (t) = Ô (t + T B ) . Additional defining features of a TC are persistence of the time-translation symmetry breaking (TTSB) for long times and robustness against small perturbations.
A specific class of TC phase called discrete time crystals (DTC) occurs in periodically driven systems where temporal symmetry is discrete. In this case, subharmonic response manifests itself in the breaking of discrete time translation symmetry by observables oscillating at an integer multiple of the driving period T , i.e., Ô (t) = Ô (t + nT ) with n ∈ {2, 3, 4, . . . }. Furthermore, the systems spontaneously orders at one of the relative phases 2πj/n+φ 0 , where j ∈ {0, 1, . . . , n − 1}, and φ 0 is a state dependent phase. Theoretical and experimental works on the existence and understanding of the DTC phase in isolated [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and dissipative [25] [26] [27] [28] [29] [30] [31] systems have been reported.
The platform that we consider here are ultracold atoms in a high-finesse optical cavity [44] . Transverse pumping realizes the Dicke phase transition [45] between a homogeneous BEC phase and a self-organized density-wave (DW) order [46] [47] [48] [49] . In the following we propose to drive the system via lattice shaking, see Fig. 1 . This shaking method has proven to generate rich dynamical features in lattice systems with contact interactions [50] . Here, we broaden the scope of this method of dynamical control, by applying it to light-matter hybrid systems, in particular cavity-BEC systems, in which the photon field induces an infinite range interaction between the atoms. A shaken cavity-BEC system has also been studied in Ref. [51] .
In this work, we propose to induce an incommensurate time crystalline behavior in a dissipative system. To this end, we study the dynamics of atoms inside an optical resonator when the standing wave potential produced by a retroreflected pump beam in the transverse direction is periodically shaken. Incommensurate time crystals have dominant subharmonic response at a noninteger multiple of the drive, arXiv:1909.00266v1 [cond-mat.quant-gas] 31 Aug 2019 meaning Ô (t) = Ô (t + mT ) with a noninteger m > 1 [32] [33] [34] [35] [36] [37] [38] [39] . In Fig. 1(d) we summarize our results. We depict the dynamical regimes as a function of the pump intensity p and the shaking amplitude f 0 . For f 0 = 0, the system undergoes a phase transition at a critical pump intensity from a condensed state, indicated as BEC, to a density ordered state DW 1 . For nonzero shaking amplitudes, the system forms a TC state. It emerges at the critical point, and covers a large region of the depicted parameter space. For large shaking amplitudes, this state competes with a striped density order, indicated as DW 2 . In this paper, we describe the properties of the time crystalline state and the necessary shaking protocol to induce this state. This shaken system provides a natural platform for in situ observation of a TC since the number of photons emitted from the cavity is monitored by a photodetector in experiments [48, 49, 52, 53] . The physical parameters used in this work are motivated by the experimental setup in Refs. [49, [52] [53] [54] [55] and thus, our predictions are experimentally relevant.
This work is organized as follows. In Sec. II, we describe the shaking protocol, the Hamiltonian, and the corresponding equations of motion for the atom-cavity system. The novel nonequilibrium states participating in the TTSB dynamics are presented in Sec. III A. The dynamics of the order parameters describing the space-translation symmetry breaking is discussed in Sec. III B. Then in Sec. A, we further test the persistence and rigidity of the subharmonic response. We map out the dynamical phase diagram in Sec. III C. In Sec III D, we compare the incommensurate TC in the shaken system with the commensurate or DTC in other driving schemes for atomcavity systems.
II. SYSTEM
In the driven-dissipative system depicted in Fig. 1(a) , the pump beam is aligned along the y-direction and the cavity axis along the z-direction. The transverse pump mode is slowly and periodically shaken by introducing a timedependent phase delay
which can be experimentally realized by using two optical modulators [51] . This produces a standing-wave potential cos(ky + ϕ(t)), where k = 2π/λ p and λ p is the pump wavelength, that is shaking at a period of T = 2π/ω d . In the following discussion, we will work in a frame rotating at the frequency of the pump field ω p [44] . The Hamiltonian for the combined system consisting of the cavity, atomic, and the atom-field interaction readŝ
In Eq. 2, the cavity dynamics with a single mode function cos(kz) is described by the Hamiltonian
where δ C < 0 is the detuning between the pump and the cavity frequency andα (α † ) is the cavity mode annihilation (creation) operator. We consider a two-dimensional system with atomic motion along the cavity axis and the transverse direction. The atomic part of the Hamiltonian is given bŷ
neglecting collisional atomic interaction. The external potential is due to the standing wave created by retro-reflecting the transverse pump beam, and is given by V ext (y, z) = ω rec p cos 2 (ky+ϕ(t)). Finally, the atom-field interaction term is described bŷ
Here, ∆ 0 < 0 is the light shift per intracavity photon and p is the pump field intensity. The spatial translation symmetry in the system motivates an expansion of the atomic field operator in the basis of plane
whereφ n,m (φ † n,m ) is the bosonic annihilation (creation) operator of single-particle modes corresponding to momentum (n, m) k. This choice of basis set leads to the following Hamiltonian
The time-dependent shaking is manifested in Eq. (7) througĥ
Hamiltonian has a discrete time-translation symmetry H(t) = H(t + T ) due to the periodicity of the driving induced by the time-dependent phase ϕ(t). Ordered phases of the system can be identified via the relevant order parameters. The superradiant phase of the undriven system, in which the atoms self-organize at the antinodes of the emergent optical lattice, is described by the following order parameter [47, 48] Φ DW1 = cos(ky)cos(kz) .
When the strength of the pump field is modulated, other types of density wave ordering can be excited if the driving frequency matches the fundamental momentum excitations of the atomic ensemble [56] . For instance, an emergent dynamical striped phase may arise characterized by large amplitude oscillations of the order parameter, which is
A new type of dynamical ordered state can emerge in which atoms self-organize at the nodes of the emergent optical lattice. Such phase is reminiscent of bond ordered states in solid and thus, we will refer to this phase as the bond density wave (BDW) state. The order parameter for a BDW 1 state can be formulated by shifting the pump mode function by half of the pump wavelength λ p Φ BDW1 = sin(ky)cos(kz) .
Similar to the DW 1 phase, the BDW 1 phase breaks the Z 2 symmetry by self-organizing into one of the two possible checkerboard configurations. However unlike the DW 1 phase, the atoms in the BDW 1 phase self-organize between the antinodes or "bonds" of the emergent optical lattice. In the undriven system, the bonds are unstable positions for the atoms, and therefore this ordered state must be dynamical similar to other instabilities found in atom-cavity systems [43, [57] [58] [59] [60] [61] .
To capture how these bond orders couple to the driving, and the competition of orders, we determine the lowest order terms of the free energy. Specifically, we assume a product of coherent states for the DW 1 , DW 2 , and BDW 1 operators, as well as for the photon mode. Taking the expectation value of the Hamiltonian of this state gives
to lowest order, where
and ϕ ≡ ϕ(t).
Given the small driving amplitudes f 0 1 that we consider here, we have sin(ϕ) ≈ ϕ, resulting in linear driving terms. Furthermore, the external driving couples parametrically to the product of the BDW 1 and the real part of the photon order parameter. While DW 1 is the dominant equilibrium order for ϕ(t) = 0 and for sufficiently large ν 2 , BDW 1 can only become the steady state order in the presence of periodic driving. This requires a parametric resonance for BDW 1 , see also Ref. [62] . At these resonances this non-equilibrium ordered state emerges, which breaks time-translation symmetry. Away from these resonances the spatially modulated density of the atoms oscillates around its equilibrium order with a small amplitude, as shown in Fig. 1(c) .
We simulate the dynamics of the system in the semiclassical limit by solving the set of coupled equations of motion for the c-numbers of the momentum modes φ n,m and the cavity mode α given by (12), we have included the decay term proportional to κ in the cavity mode dynamics, which captures the rate at which photons are leaking out of the cavity, and the corresponding stochastic noise term ξ(t) with ξ * (t)ξ(t ) = κδ(t − t ) [44] .
III. TIME CRYSTAL PHASE
We determine the dynamical response that is induced by the shaking process by solving the Eq. (12) numerically. We use experimentally relevant parameters for N a = 60×10 3 , ω rec = 2π × 3.55 kHz, κ = 2π × 4.50 kHz, ∆ 0 = −2π × 0.36 Hz based on the set-up in Ref. [49] . We choose a negative effective detuning δ eff ≡ δ C −(1/2)N a ∆ 0 = −2π×22 kHz, where N a is the number of atoms. The system is operating in the recoil-resolved regime since κ/4ω rec < 1, which means that a few-mode description is valid and the dynamics of the cavity and atomic modes happen on a comparable timescale [52] . This implies both equations of motion have to be solved on equal footing, and that the cavity mode in Eq. (12) can not be integrated out. When solving Eq. (12), we have used singleparticle momentum modes spanning {n, m} ∈ [−6, 6] k in order to guarantee the convergence of our results. Note that in the mean-field (MF) limit, we neglect the noise term in the cavity dynamics. However, this noise term must be included for calculations beyond the MF approximation in order to correctly treat the photon loss of the cavity, as will be done later in this work.
We initialize the system by ramping up the pump power linearly up to max starting from a BEC state. We then hold the pump power constant at max so that the system reaches a steady DW ordered state. Afterwards, the shaking protocol for the transverse standing wave is switched on. We display the time axis both in units of T and in milliseconds (ms).
A. Dynamical bond-density wave phase
We find that for frequencies larger than the frequency associated with the critical coupling strength cr of the superradiant phase transition, ω res = 2ω rec √ cr ≈ 2π × 8.7 kHz, a unique nonequilibrium phase exhibiting macroscopically slow oscillations of the cavity mode occupation emerges in the system as shown in Fig. 2 . This subharmonic response of the cavity mode breaks the time-translation symmetry of the driven Hamiltonian, which is one of the important hallmarks of a TC. An example of a TC phase in the shaken system is presented in Fig. 2 for ω d /2π = 8.8 kHz. The long-lived stability of the TTSB is depicted in Fig. 2(a) as the cavity mode occupation |α|
In Fig. 2(c) , we show the dynamics of the cavity mode occupation and the relative phase difference between the pump and cavity light fields ∆θ α = arg(α) for the TC phase. This information is accessible in experiments using a balanced heterodyne detection scheme for measuring the relative time-phase between the pump laser and the cavity field in real-time [63, 64] . As shown in Fig. 2(c) , the relative phase difference switches between 0 and π at a symmetry breaking period T B , which is the characteristic frequency of the dynamical phase. This demonstrates the periodic switching of the system between states with broken discrete spatialtranslation symmetry. A similar phenomenon of dynamical switching between symmetry broken states have been predicted in Refs. [22, 24, 28, 56, 62] . Insets: Each set of inset plots depicts the evolution of the single-particle density over half a period of the driving cycle, i.e., ρ(y, z, t) for t ∈ {t1, t1 + T /4, t1 + T /2}. ρ(y, z, t) around the time when |α| 2 is at (top-left) a maximum, (bottom) a minimum, and (top-right) the next maximum. Circles mark the position of the antinodes of the combined mode functions cos(ky + ϕ(t))cos(kz). (c) Dynamics for (left axis) the phase difference between the pump and cavity light fields ∆θα and (right axis) the cavity mode occupation. (d) Contour plot for the dynamics of the slice of the SPD at ρ(y, z = 0, t). The system oscillates between symmetry broken BDW1 states at a fast time scale corresponding to the driving frequency. The SPD develops an asymmetry on a much longer time scale leading to the TTSB. Oscillating curves correspond to the position of the antinodes of the cavity-pump potential.
Motivated by the dynamical switching inferred from the dynamics of the relative time-phase, we now proceed to identify the type of symmetry broken phase associated with the TC order by calculating the single-particle density (SPD) profiles of the atomic ensemble in the MF limit
We obtain the SPD at various instants of time for the TC phase as depicted in the insets of Fig. 2(b) . These SPD profiles imply that the ordered phase is a bond ordered state. Thus, we refer to this symmetry broken phase as a bonddensity wave or BDW 1 phase. This can be seen from the inset plots in Fig. 2(b) , where the maxima of the SPD ρ(y, z) localizes at the nodes of the effective single-particle potential formed by the product of the pump and cavity mode functions V PC (y, z) = cos(ky + ϕ(t))cos(kz).
For a spatially symmetric self-organized state at the nodes of V PC (y, z), i.e., ρ(y, z) = ρ(−y, z), the system has an empty cavity mode since
This leads to a vanishing atom-cavity coupling responsible for the two-photon process of exciting atoms into higher momentum modes. Thus, the cavity mode population vanishes. This is realized at periodic instants of time when the cavity mode occupation vanishes as seen in the bottom inset of Fig. 2(b) . The point in time when the cavity mode occupation is minimal occurs when the atoms self-organize in a square lattice configuration with λ p /2 spatial periodicity. For this spatial distribution, the Bragg condition necessary for scattering photons into the cavity is not satisfied. However, we find that the atomic ensemble self-organize asymmetrically in the direction of the shaking pump field at other instances of the driving cycle. In this case, the SPD is not symmetric around the position of the nodes of the combined pump-cavity field, i.e., ρ(y, z) = ρ(−y, z), and this allows for the scattering of photons into the cavity because the atom-cavity coupling is now finite
Typical density profiles of asymmetrically self-organized atoms are shown in the upper insets of Fig. 2(b) . This asymmetry occurs because the time-dependent terms periodically break the translation symmetry along the pump direction of the Hamiltonian in Eq. (7). The dynamics of the SPD profiles demonstrates the existence of a slow and fast oscillatory response of the driven system. The fast oscillatory response constitutes rapid switching between even and odd BDW 1 states as depicted in the top inset of Fig. 2(b) , where the SPD ρ(y, z, t) is presented at t ∈ {t 1 , t 1 +T /4, t 1 +T /2}. Furthermore in Fig. 2(d) , the dynamics over one characteristic period of the cavity mode occupation is depicted for a slice of the SPD at ρ(y, z = 0, t). The resonant nature of the TC phase is apparent in the strong response of the system compared to the relatively small shaking amplitude depicted in Fig. 2(d) compared to the off-resonant response in Fig. 1(c) . Fig. 2(d) shows the slow oscillation of the peaks of ρ(y, z, t) between the nodes of V PC (y, z), which occurs on a much slower time scale than the underlying fast oscillations. When the SPD becomes completely symmetric, see bottom inset of Fig. 2(b) , the cavity mode becomes approximately empty consistent with Eq. (14) . At the points in time when the SPD has an asymmetric distribution, photons scatter into the cavity, resulting to in a non-vanishing occupation of the cavity mode. One period in |α| 2 is completed when an odd checkerboard distribution transforms into the corresponding even checkerboard distribution or vice versa, see top inset of of Fig. 2(b) . The dynamics of the entire system has a temporal periodicity of T B ρ(y, z, t 1 + T B ) = ρ(y, z, t 1 ).
We point out that the degree of asymmetry of the SPD profile as the atoms self-organize on the bonds of the optical lattice is quantified by the BDW 1 order parameter in Eq. (10), which is the overlap between the SPD and the spontaneously formed optical lattice.
B. Dynamics of the cavity and the order parameters
We discuss the dynamics of the order parameters, in particular of Φ BDW1 . We map out the phase diagram for varying ω d /2π ∈ [8.0, 9.2] kHz and fixed pump power max /E rec = 2.24 and driving amplitude f 0 = 0.03 as shown in Fig. 3 . We also show exemplary dynamics for the cavity mode occupation and relevant order parameters in Fig. 3 . Three distinct phases are identified based on the leading order parameter and the long-time dynamics of the cavity mode.
An example of the cavity mode dynamics for the DW 1 phase is shown in Figs. 3(a) and 3(b) . In the absence of shaking, the cavity mode has a constant, nonzero photon occupation. [46] [47] [48] [49] . This leads to a finite and dominant Φ DW1 as seen in Figs. 3(g) and 3(h). This order parameter can be either negative or positive, which reflects the broken Z 2 symmetry in the superradiant phase. For the shaken system considered here, the cavity mode occupation |α| 2 oscillates at 2ω d for long timescales as seen from the inset of Fig. 3(b) . The frequency doubling in the dynamics of |α| 2 is due to the orientation of the pump beam which is perpendicular to the cavity axis. As shown in Figs. 1(b) and 1(c) ), |α| 2 oscillates with 2ω d .
For driving frequencies larger than the parametric resonant frequency, ω res /2π ≈ 8.7 kHz, the dynamical BDW 1 phase emerges. This phase is exemplified by ω d /2π = 8.8 kHz in Figs. 3(c) and 3(d) . The BDW 1 order parameter Φ BDW1 exhibits emergent oscillations ω BDW1 between positive and negative values close to the parametric resonant frequency ω BDW1 ≈ ω res , i.e., Φ BDW1 (t) = Φ BDW1 (t + 2π/ω res ). Moreover, Φ BDW1 displays the largest oscillation amplitude amongst the relevant order parameters as depicted in Figs. 3(i) and 3(j). This observation is consistent with the dynamics of the SPD seen in Fig. 2(b) . The DW 1 order parameter Φ DW1 oscillates at ω DW1 = ω d − ω BDW1 . This leads to extremely slow oscillations since ω DW1 ω d for ω d close to the resonant frequency. More importantly, this highlights the incommensurate nature of the subharmonic response
Generally, the ratio between the resonant and driving frequencies ω res /ω d can be any real number 0 < m < 1 since ω res is independent of the driving frequency and only depends on the microscropic parameters of the atom-cavity system. This implies that, the TC can be fine tuned to a commensurate TC as demonstrated in Fig. 2 where T B = 80T . Note that the characteristic frequency of |α| 2 in the incommensurate TC is ω |α| 2 = 2ω DW1 . If we increase the driving frequency further away from ω res , the TC phase becomes unstable as it melts into a new nonequilibirum ordered phase. The cavity mode dynamics for this phase is shown in Figs. 3(e) and 3(f). The cavity becomes empty for long times as seen in the inset of Fig. 3(f) because of the selective excitation of momentum modes corresponding to momentum of ±2 k along the direction of the transverse pump beam. The process of populating the {k y , k z } = {±2, 0} k momentum modes is evidenced by the oscillatory behavior of the Φ DW2 shown in Fig. 3(l) . The absence of the two-photon scattering process of atoms into the ±1 k momentum modes forbids the runaway process required for the self-organization of atoms into a density-wave phase. This dynamical phase is also characterized by the periodic switching of atoms between symmetry broken striped phases as the maxima of the density distribution of atoms are shifted by λ p /4 periodically in time. This steady state of the DW 2 order is preceded by transient TC order, see Fig. 3(e) . In fact, as shown in the inset of Fig. 3(l) , the DW 2 phase appears to exhibit a metastable TTSB, which lasts for relatively long timescales up to 4000 driving cycles or 400 ms of experimental time. This time scale is already close to typical experimental times in atom-cavity experiments, after which unwanted atom losses and decoherence effects from the environment become more dominant. Note that the subharmonic frequency of the metastable TC phase seen in Figs. 3(e) and 3(k) still follows ω B = (ω d − ω BDW1 ). This suggests that the resonant excitation of the dynamical BDW 1 phase is responsible for the TTSB in the shaken system.
C. Dynamical phase diagram
We map out the dynamical phase diagram in Fig. 1(d) as a function of the pump intensity and the driving amplitude for fixed driving frequency ω d /2π = 8.8 kHz. For weak driving amplitudes f 0 , we recover the phase transition from a homogeneous BEC phase to a self-organized superradiant DW 1 phase. As we increase the driving amplitude, the DW 1 phase becomes dynamically unstable and the TC phase starts to emerge. The TC phase exists in a large region of parameter space depicted in Fig. 1(d) . For large f 0 , the TC phase becomes unstable to DW 2 order as demonstrated in Figs. 3(k) and 3(l).
In Fig. 4 , we present the long-time averaged values of the order parameters Φ DW1 and |Φ BDW1 | for fixed pump intensity and varying shaking amplitude f 0 and frequency ω d . The fluctuations in the initial momentum occupations is chosen to yield a positive order parameter in the equilibrium DW 1 phase. The emergence of oscillating order parameters leads to a vanishing long-time averaged Φ DW1 and a nonzero |Φ BDW1 |, as indicated by the white region in Fig. 4(a) and the dark region in Fig. 4(b) .
In Fig. 5 , we show the frequency response of the system as it changes with the pump intensity and the driving amplitude. We obtain the ratio between the emergent oscillation frequency of Φ BDW1 and the driving frequency, ω BDW1 /ω d , over a time window t ∈ [100, 200] ms and present them in Fig. 5(a) for ω d /2π = 8.8 kHz. This frequency response ω BDW1 has a weak dependence on f 0 in particular for pump intensities close to the critical value for the superradiant phase transition. We find that the dependence of the emergent frequency ω BDW1 on the pump intensity is consistent with ω BDW1 ≈ ω res = 2ω rec √ p , see Sec. III A. The incommensurability of the subharmonic frequency is observed in Fig. 5(b) . While the subharmonic frequency is dependent on the microscopic parameters of the model, the TC phase is still robust against temporal perturbations and many-body correlations as discussed in Appendix A. 
D. Comparison with Dicke time crystals
We compare the dynamical bond-density wave phase with the dynamical normal phase (DNP) first proposed in Ref. [62] induced via amplitude modulation. The DNP is also considered as a Dicke time crystal in Ref. [4, 25, 28] . We will discuss the similarities and differences between the two nonequilibrium phases in the context of TTSB and their properties as TC phases in driven atom-cavity systems. We obtain the values of the order parameters Φ DW1 and Φ BDW1 at integer multiples of the driving period T to construct the stroboscopic order parameter portraits presented in Fig 6(a) . In addition to the DNP and dynamical BDW 1 phase, we also show an example for the standard DW 1 phase to emphasize the key differences between the three phases. For the DW 1 and BDW 1 phase, we use the same parameters as in Fig. 3 . For the DNP phase, we simulate the driven atom-cavity system with the same set of parameters but with amplitude modulation
as done in Ref. [56] . For the amplitude-modulated case, we use a relatively strong driving strength f 0 = 0.40 in order to push the system beyond the regime of light-induced renormalization of the phase boundary [55, 56] depicted as the dark region in Fig. 5(d) .
The DNP is characterized by periodic switching of the DW 1 order parameter as the system switches from one of the two possible self-organized checkerboard patterns to the other [62] . Such behavior is observed in the period-doubling dynamics of Φ DW1 in Figs. 5(d) and 6(c). The dynamical behavior of the DNP is similar to recently proposed TC phases which rely on coherent switching between symmetry broken states in space [22, 24, 28, 42] . For this type of TC phase, the subharmonic frequency is tied to the number of symmetry broken states participating in the dynamics of the system [22] . In the case of the DNP, there are two kinds of possible Z 2 -symmetry broken states leading to period doubling. Therefore the DNP is a commensurate TC. This is demonstrated in Fig. 5(d) where the DNP with T DW1 = 2T arises for strong driving amplitudes.
The dynamical BDW 1 phase exhibits time-dependent order parameters that break the time-translation symmetry as depicted in Fig. 6(b) . However, the dynamical BDW 1 phase has a tunable subharmonic frequency, in contrast to the period doubling dynamics of the DNP. For the DNP, the maxima of the atomic distribution are always at the antinodes of the light field leading to a fixed value of Φ BDW1 = 0 as seen in Figs. 5(c) and 6(a) . For the BDW 1 phase, the density maxima oscillate around the antinodes. This breaks the parity symmetry along the pump direction. In Fig. 6 , the atomic motion is represented in the plane spanned by the DW 1 and the BDW 1 order parameter. The lattice shaking protocol that we propose here expands the motion out of the on-lattice states.
IV. CONCLUSION
In this work, we have demonstrated the emergence of a time crystal in a shaken atom-cavity system. This dynamical phase breaks the space-translation symmetry of the optical dipole potential and the time-translation symmetry induced by the external shaking of the pump lattice. Spatial-symmetry is broken by the formation of BDW 1 states, where atoms selforganize at the bonds between the antinodes of the light field. We find that exciting this new set of symmetry broken states, which does not exist in the equilibrium, also breaks timetranslation symmetry as the system switches between BDW 1 states. The subharmonic frequency can be tuned by changing the driving frequency or the pump intensity, which suggests possible realization of both commensurate and incommensurate TC with a single dominant frequency. We have shown that this phase possesses the general features of a TC, such as persistence of symmetry-breaking dynamics of an observable and rigidity to perturbations in the driving protocol and noise sources inherent to the system. We have constructed the dynamic phase diagram showing the transition into the TC phase and how it melts from a long-lived metastable state. This opens up the possibility of using the atom-cavity platform to realize the simplest yet macroscopic incommensurate TC and further explore TTSB in driven-dissipative many-body systems. Finally, we would like to emphasize that our findings are experimentally relevant as we have used physical parameters based on an existing atom-cavity setup in Ref. [49] . Experimentally, the TTSB phenomenon predicted here can be observed in situ from the dynamics of the cavity mode population, which oscillates at much longer period than the external driving.
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Appendix A: Persistence and rigidity of time crystallinity
We now verify that the observed dynamical phase in Fig. 3(c)-(d) exhibits defining features of a TC phase, such as persistence of the TTSB at long times and rigidity to imperfections in the drive and many-body correlations [3, 4] . To test the persistence and rigidity of the TC phase, we employ a semiclassical treatment of the dynamics based on the truncated Wigner approximation (TWA) [65, 66] . The TWA is a semiclassical phase space method that approximates the quantum dynamics by solving the equations of motion in Eq. (12) for an ensemble of initial states which samples the initial Wigner distribution [65] [66] [67] . This method captures quantum aspects of the dynamics in the semiclassical limit by accounting for the leading order quantum corrections to the MF solutions, for example, see [68] [69] [70] [71] [72] [73] . Even in the absence of imperfections in the driving protocol, inherent perturbations that can destabilize or melt the time crystal are present in the system: (i) quantum fluctuations in the initial state and (ii) nonunitary imperfection in the time evolution captured by the stochastic noise ξ associated to the dissipation of photons out of the cavity. The rigidity of TTSB dynamics to stochastic noise associated with the dissipation of photons suggests a nontrivial stabilization of a TC in dissipative systems [10] . We initialize the TWA simulations starting from a pure condensate state occupying the lowest momentum mode while other available but initially unoccupied cavity and atomic modes are populated with vacuum fluctuations. Then, we use a similar protocol for ramping into the DW state followed by the timedependent shaking described in Sec. III B. We use 10 3 trajectories to sample the initial quantum noise in the system.
We calculate the frequency spectrum of the cavity dynamics S α (ω) by taking the Fourier transform of the cavity dynamics F{|α(t)| 2 } within the time window t ∈ [400, 800] ms. In Fig. 7(c) , we show the results for ω d /2π = 8.8 kHz. The TWA simulation gives a similar peak as the MF simulation, which suggests that the dynamical state is robust against quantum fluctuations. We note that the TWA simulation displays an additional peak near the normal frequency response ω/ω d = 2. Nevertheless, the relative photon number fluctuation predicted in Fig. 7(b) is still within the sensitivity of photodetectors in atom-cavity experiments.
In Fig. 8 , we show two TWA trajectories. We interpret these as single realizations of the atom cavity dynamics for highly occupied modes. This suggests that TTSB can be observed in a single experimental realization. The main peak observed in Fig. 8(c) for each trajectory corroborates the rigidity of the TC against temporal perturbations from the stochastic noise associated with the dissipation.
Next, we show the rigidity of ω B against imperfections of the driving protocol. We include temporal imperfections in the time-dependent Hamiltonian by introducing small perturbations in the parameters of the driving scheme. Here, we increase the amplitude of the shaking by an amount δ during the relative strength of the perturbation δ/f 0 is depicted in Fig. 9 . For weak imperfections in the driving δ/f 0 20%, the time crystal displays the same periodicity. This rigidity can be attributed to the long-range spatial ordering and the cavity-mediated all-to-all coupling of the atoms in the BDW phase, which protects the system from temporal perturbations. For stronger perturbations, the time crystal becomes unstable as its periodicity shifts. The TC eventually melts into a typical DW phase for strong enough imperfections. It is also important to demonstrate the robustness of the TC against many-body correlations especially for systems with all-to-all coupling [4, 28, 41] . The leading order quantum effects due to many-body correlation is captured within TWA. This can be quantified by the eigenvalues of the single-particle density matrix (SPDM), Ψ † (y , z )Ψ † (y, z) . The SPDM is a quantity related to the Penrose-Onsager criterion for condensates in interacting systems and its largest eigenvalue corresponds to the condensate fraction [74] . Typical dynamics of the five lowest eigenvalues of the SPDM are shown in Fig. 10 . The fragmentation of the BEC is signaled by a decrease in the condensate fraction together with an increase in the remaining eigenvalues. Nevertheless, the corresponding cavity mode dynamics still exhibit TTSB as depicted in Fig. 7 . This suggests that the dynamical BDW phase is stable beyond the mean-field regime similar to Dicke TC [28] .
